ABSTRACT. In this paper we show that the usual Sobolev spaces (i/s(f¡))agR. are no Hilbert scale in the sense of Krein-Petunin, if f! is an open bounded subset of Rn.
For noninteger s > 0, HS(Q) can be defined by interpolation, and for real s < 0, Hs(ü) is defined as the dual space of Hös(n), the closure of S(ü) in H~s(n), where 3>(U) is the set of infinitely differentiable functions with compact support in n (cf., e.g., [5] ).
These Sobolev spaces play an important role in the solution of boundary value problems for (elliptic) partial differential equations (cf., e.g., [3, 7] ) and in regularization of linear integral equations of the first kind with differential operators (cf. [6, 1] ). In [8] , Natterer proposes a new variant of Tikhonov regularization, namely Tikhonov regularization in Hilbert scales (cf. also [1, 2, 9] ). One advantage of this approach is that one regularizes with a smooth norm, but gets convergence rates for the regularizes in a weaker norm. Another advantage is that, if the exact solution is smooth enough, one obtains higher convergence rates than with ordinary Tikhonov regularization.
Hilbert scales are defined as follows (cf. [4] ): Let L be a densely defined selfadjoint strictly positive operator L in a Hilbert space X that fulfills ||L:r|| > ||x|| on its domain. For s > 0 let Xs be the completion of nifclo D(Lk) with respect to the Hilbert space norm induced by the inner product (1.5) (x,y)s:=(Lsx,Lsy) and for s < 0 let Xa be the dual space of X-s. Then (Xs)aeR is called a Hilbert scale (induced by the operator L). If one speaks of Hilbert scales one usually thinks of "the scale of" Sobolev spaces. It has been shown in [4] that the Sobolev spaces Hs(Kn) build a Hilbert scale. In this paper we show that this is no longer true for HS(U), if Ü is an open bounded subset of Rn. Moreover, we will see in §2 that Sobolev spaces with certain boundary conditions are a Hilbert scale.
Main result.
Let Xi, X2 be real Hilbert spaces with X2 dense in Xi and
It is well known (cf., e.g., [5] ) that there exists a densely defined selfadjoint strictly positive operator L in X, with D(L) = X2 and ||Lx||i = ||x||2 for all x E X2.
In the next proposition we show that there exists only one operator L with these properties and determine L from the embedding operator i : X2 -* Xi. PROOF. "=>". Since L is selfadjoint, L is a closed operator (cf., e.g., [7] ). License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use "<=". (2.1) implies that i : X2 -» X\ is bounded. Therefore, the adjoint i* : X\ -* X2 is bounded. (2.1) and ||¿|| = ||i*|| imply that (2.5) ||i"*a;||i < Iklli foraUxGXj.
Together with
this implies that i* is a bounded selfadjoint operator from Xi into X\. Since N(i*) = R(J)± = Ay1 = X^ = {0},i* is also injective. Hence, (i*)1'2 is defined and also bounded selfadjoint and injective from X\ into X\. Now we define
Since (i*)1/2 is selfadjoint from Xi into X\, this implies that L is a densely defined selfadjoint closed operator in X\ (cf., e.g., [7] ). Now (2.5) implies that ||(î*)1/2x||2 = (i*x,x)i < \\i*x\\i ■ \\x\\i < \\x\\j and hence ||(î*)1/23:||i < ||a;||i for all zeXi.
Together with (2.6) we now obtain \\Lx\\i > \\x\\i for all x € D(L). This means that L defined by (2.6) fulfills (2. 
